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Abstract
A chiral field theory of mesons has been applied to study the contribution of the
current quark masses to the pi0 → γγ decay width at the next leading order. 2%
enhancement has been predicted and there is no new parameter.
1
It is well known that the decay amplitude of π0 → γγ is an exact result of the Adler-
Bell-Jackiw(ABJ)[1] triangle anomaly in the leading order of chiral expansion, m2pi → 0
Γ(π0 → γγ) =
α2m3pi
16π3f 2pi
= 7.72 eV, (1)
where the pion decay constant fpi = 185MeV is taken. Eq. (1) is also revealed from the
Wess-Zumino-Witten(WZW) anomaly [2] in the leading order of chiral expansion. The
measurements of the Γ(π0 → γγ) have a long history. The decay width of the π0 → γγ is
listed [3] as
Γ(π0 → γγ) = 7.74(1± 0.059) eV. (2)
Recently, PrimEx Collaboration has reported a new accurate measurement [4] of the decay
width of π0 → γγ
Γ(π0 → γγ) = 7.82± 0.14(stat.)± 0.17(syst.) eV. (3)
With the 2.8% total uncertainty, this result is a factor of 2.5 more precise than Eq. (2) [4].
The ABJ anomaly is at the leading order in chiral expansion. The study of the effects
at the next leading order in chiral expansion has attracted a lot of attention for a long
time [5,6]. In Refs. [5] within the framework of the Chiral Perturbation Theory (ChPT) by
calculating the loop diagrams of the WZW anomaly [2] an enhancement to Γ(π0 → γγ) has
been found. In Ref. [6] the difference fpi0 −fpi+ and the π
0−η mixing are taken into account
in calculating Γ(π0 → γγ).
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In this paper the decay amplitude of the π0 → γγ is computed to the next leading order
in chiral expansion by using a chiral field theory of pseudoscalar, vector, and axial-vector
mesons [7]. In the case of two flavors the Lagrangian of the theory [7] is expressed as
L = ψ¯(x)(iγ · ∂ + γ · v + γ · aγ5 + eQγ ·A−mu(x))ψ(x)− ¯ψ(x)Mψ(x)
−
1
4
F µνFµν +
1
2
m20(ρ
µ
i ρµi + ω
µωµ + a
µ
i aµi + f
µfµ) (4)
where M is the current quark mass matrix


mu 0
0 md

 ,
vµ = τiρ
i
µ + ωµ, aµ = τia
i
µ + fµ, and u = exp{iγ5(τiπi + η)}. The parameter m is originated
in the quark condensate [7]. The Lagrangian (4) is explicit chiral symmetric in the limit,
mq → 0. Dynamical chiral symmetry breaking is embed in the Lagrangian (4).
By integrating out the quark fields the Lagrangian of mesons is obtained [7]. This pro-
cedure is equivalent to the quark loop calculation. The kinetic terms of the mesons are
generated by the quark loops. There are real and imaginary two parts. The real part is used
to normalize the fields of Eq. (4) to physical meson fields and describes the meson processes
with normal parity and the imaginary part describes the anomaly. The Lagrangian of the
ChPT [8] is revealed from the real part of the Lagrangian at low energies and all the 10 co-
efficients of the ChPT are predicted [9]. At the O(p4) the imaginary part of the Lagrangian
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is derived [10] in which the ω and ρ fields are involved
Lω =
Nc
(4π)2
2
3
εµναβωµTr∂νUU
†∂αUU
†∂βUU
†
+
2Nc
(4π)2
εµναβ∂µωνTr{i[∂βUU
†(ρα + aα)− ∂βU
†U(ρα − aα)]
−(ρα + aα)U(ρβ − aβ)U
† − 2ραaβ}. (5)
Lω (5) is exact the same as the one presented by Kaymakcalan, Rajeev, and Schechter(KRS)[11]
and Eq. (5) is part of the WZW Lagrangian.
The π field of Eq. (4) is normalized to the physical pion
πi →
2
fpi
πi. (6)
The pion decay constant fpi is proportional to m which is determined as [7]
m2 =
f 2pi
6g2
(1−
2c
g
)−1, c =
f 2pi
2gm2ρ
, (7)
g is a universal coupling constant of this theory, which is via the normalization of the vector
fields introduced. Using the decay rate of ρ → ee+, it is determined to be 0.395 [7,12]. fpi,
g, and the current quark masses are the inputs of this theory. In the leading order in the
chiral expansion the cancellation between the two vertices of Eq. (4)
L1 = −
2im
fpi
ψ¯τiγ5ψπ
i, (8)
L2 =
1
2
mψ¯ψπ2. (9)
4
leads to
m2pi = −
4
f 2pi
〈0|ψ¯ψ|0〉(mu +md). (10)
Therefore, the pion is a Goldstone boson. The Vector Meson Dominance (VMD) is a natural
result and many physical processes of mesons have been studied. Theory agrees with the
data well [7,12]. This theory is phenomenologically successful [7,12].
In Ref. [7] in the leading order of chiral expansion, mq → 0, the ABJ anomaly of the
π0 → γγ decay
Lpi0→γγ = −
α
πfpi
ǫµναβ∂µAν∂αAβ
is via the VMD
ρ→
1
2
egA, ω →
1
6
egA
derived from the vertex πωρ, which is revealed from Eq. (5),
Lωρpi = −
NC
π2g2fpi
ǫµναβ∂µωνρ
0
α∂βπ
0.
As mentioned above, the vertex Lωρpi is derived from the KRS form of the WZW anomaly.
On the other hand, using the vertex (8) and the vertices
1
g
ψ¯τ 3γµψρ
0
µ,
1
g
ψ¯γµψωµ,
it can be derived from calculating the quark triangle loop diagram too. In this paper using
the L (4) directly, the triangle quark loops for the process π0 → γγ are calculated to the
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next leading order in chiral expansion. The theoretical approach exploited in this paper is
consistent with the approach of Ref. [5]. Besides the vertex (8) there is another one obtained
from the mixing between the a1 field and ∂π [7]
L = −
c
g
2
fpi
ψ¯τiγµψ∂
µπi, (11)
which contributes to the triangle diagrams of the π0 → γγ decay too.
To the next leading order in current quark mass the amplitude of the π0 → γγ determined
by the vertex (8) is expressed as
T (1) =
2NC
3π
α
fpi
ǫλσµνq
λpσǫµ(1)ǫν(2){1 +
1
3m
(md − 4mu) +
1
12
m2pi
m2
}. (12)
The amplitude determined by the vertex (11) is expressed as
T (2) = −
NC
9π
c
g
α
fpi
ǫλσµνq
λpσǫµ(1)ǫν(2)
m2pi
m2
. (13)
The amplitude T (2) shows that the contribution of the vertex (11) is at the O(mq). At
the leading order in chiral expansion only the vertex (8) contributes to the π0 → γγ decay
and the T (1) is the amplitude predicted by the ABJ anomaly. In Eqs. (12,13) the factor
NC is obtained from the trace of the quark loop. Using the expression of m
2 (7), the total
amplitude is found to be
T =
2NC
3π
α
fpi
ǫλσµνq
λpσǫµ(1)ǫν(2){1 +
1
3m
(md − 4mu) +
m2pi
2f 2pi
g2(1−
2c
g
)2}. (14)
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In Eqs. (12-14) the m2pi is expressed by Eq. (10) and it is at the O(mq). In the chiral limit,
mq → 0, the amplitude determined by the ABJ anomaly is recovered. The decay width is
obtained
Γ(π0 → γγ) =
α2
16π3
m3pi
f 2pi
{1 +
1
3m
(md − 4mu) +
m2pi
2f 2pi
g2(1−
2c
g
)2}2. (15)
The values of md = 5.05
+0.75
−0.95 MeV and mu = 2.49
+0.75
−0.79 MeV are taken from Ref. [3].
m = 0.24 GeV is determined by Eq. (7).
1
3m
(md − 4mu) ∼ −0.68× 10
−2 (16)
is estimated and
m2pi
2f 2pi
g2(1−
2c
g
)2 = 0.0167. (17)
Using the values of the corrections (16,17), it is obtained
Γ(π0 → γγ) =
α2
16π3
m3pi
f 2pi
× 1.02 = 7.87 eV. (18)
The terms at the O(mq) in Eq. (14) leads to 2% enhancement of the decay width. The
theoretical result obtained by this approach agrees with the experimental data reported by
PrimEX [4] within the experimental errors.
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